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Abstract 
Rigidity criteria for a finite dimensional associative or Lie algebra of positive characteristic 
are given. A geometrically rigid algebra may have deformations with nontrivial infinitesimals 
which may be interpreted as obstructions to integrating infinitesimal automorphisms. A group 
scheme theoretic nature of those obstructions is revealed. For each affine group scheme G of 
finite type over the ground field an invariantly defined G-module Ohs(G) is introduced and 
formal properties of the functor G H Ohs(G) are studied. 
1991 Math. Subj. Class.: 14D15, 14L15, 16S80 
Introduction 
Let L be a finite dimensional Lie algebra over a field k. Gerstenhaber and Schack 
[S, 93 introduced the terminology which distinguishes several concepts of rigidity. It 
has long been known that L is both analytically and geometrically rigid provided that 
the second cohomology group H2(L, L) vanishes [6,13]. For an algebraically closed 
k this result can be improved as follows. Denote by Sq the canonical quadratic 
mapping H2(L, L) + H3(L, L) (see [16]). Let Ker Sq = {[ E H2(L, L) 1 Sq[ = O}. 
Then L is both analytically and geometrically rigid provided that Ker Sq = 0. 
For geometric rigidity, one will find this result in a paper of Rauch [15, II, 
Theorem 31. Further investigations showed that analytic rigidity implies geometric 
rigidity and that in the case of characteristic zero the converse is true [8]. Specific 
phenomena are encountered in characteristic p > 0. In this case H2(L, L) contains 
a subspace Obs which consists of obstructions to integrating the infinitesimal auto- 
morphisms. It was introduced by Gerstenhaber [7] in a more general context of 
composition complexes. We shall see that Sq c = 0 for ( E Obs. I do not know whether 
Sq factors through H2(L, L)/Obs. Now we shall summarize the main results of the 
paper. 
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Theorem 1. If H*(L, L) = Obs then L is geometrically rigid and is represented by 
a simple point of the scheme of Lie algebra structures on a given vector space. If 
Ker Sq = Obs and k is algebraically closed then L is geometrically rigid. 
Theorem 2. In order that L be analytically rigid, it is necessary and sufJicient that L be 
geometrically rigid and its automorphism group scheme Aut(L) be smooth. 
Theorem 3. Assume k to be algebraically closed, of characteristic p > 0. Then the 
following conditions are equivalent: 
(i) L is geometrically rigid; 
(ii) any formal analytic deformation of L expressed in a series p + tcpl + t * (p2 + e.. 
becomes trivial when t is replaced by tq, where q is a suitable power of p ; 
(iii) for any formal analytic deformation p + t’qr + tr+’ co,+ 1 + ... of L the co- 
homology class of the cocycle cp, belongs to Obs. 
Theorem 4. Assume k to be perfect, of characteristic p > 0. Given [ E Obs, there exists 
aformal analytic deformation p + tcpl + t2q2 + ..a of L which becomes trivial when t is 
replaced by tq, where q is a power of p, and such that the cocycle cpl is a representative of 
the cohomology class [. 
All the results are valid for associative algebras as well. The last result was proved 
by Gerstenhaber under certain additional hypothesis [6, I, Theorem 2; 7, Theorem 73. 
In general it was stated as a conjecture [9, p. 61-J. The author is especially interested in 
deformations of simple modular Lie algebras. It is known for a simple Lie algebra over 
an algebraically closed field of characteristic p > 3 that H * (L, L) = 0 if and only if L is 
classical [17]. Consider now the Jacobson-Witt algebra L = W,, which is the Lie 
algebra of derivations of the commutative algebra of truncated polynomials 
B, = k[xl ,..., x,,], x; = 0 ,... , x.” = 0. The computation of H *(L, L) carried out by 
Dzhumadil’daev [4] allows us to apply Theorem 1. So W, is geometrically rigid for 
p > 5. Rigidity with respect o filtrations was established in [4]. We are able to give 
a complete local description of deformations of W, parametrized by an arbitrary 
scheme: 
Theorem 5. Assume k to be of characteristic p > 5. Let S be a scheme over k and 2 an 
S-deformation of the Jacobson-Witt algebra W, at a rational point x E S. Then there 
exists an open afine neighborhood U 2 Spec R of x and elements al,. . . ,a, E R such 
that the quasicoherent sheaf .YIv of Lie Ov-algebras is associated with the Lie R-algebra 
Der& where 23 = R[y,, . . . , y.], yf = al, . . . ,y.” = a,, is a commutative R-algebra 
defined by generators and relations. 
We stick to the geometric point of view on deformations. We have to consider 
a special class of deformations that become trivial after faithfully flat base change. 
Such deformations correspond to the torsors for the automorphism group scheme, 
S. SktyabinlJournal of Pure and Applied Algebra 105 (1995) 195-224 197 
which enables us to apply powerful methods of group scheme theory. In particular, we 
shall reveal group scheme theoretic nature of the subspace Obs c HZ&, ~5). For an 
affine group scheme G over a commutative ring k denote by k[G] its algebra and by 
Ohs(G) the second Harrison cohomology group Har’(k[G], k), where k is regarded as 
a k[G]-module via the augmentation homomorphism k[G] + k. The properties of 
the functor G H Ohs(G) are studied in Part 2 of the paper. 
Theorem 6. For H = Aut(L) there is a canonical isomorphism Ohs(H) z Obs. 
Theorem 7. Let H be a closed group subscheme of an afine algebraic group scheme 
G over afield k. Then there is an exact sequence of H-modules 
0 + Lie(H) + Lie(G) + T,(G/H) + Ohs(H) --f Ohs(G), 
where T,(G/H) is the tangent space to the homogeneous space G/H at the origin e. 
Moreover, if H is normal in G then there is an exact sequence of G-modules 
0 + Lie(H) + Lie(G) + Lie(G/H) + Ohs(H) + Ohs(G) + Obs(G/H) + 0. 
The general conventions that we adopt are as follows. All the notations refer to 
a fixed commutative ring k unless another ring is indicated. Throughout Part 1 of the 
paper k is assumed to be a field. Except for Lie algebras, all algebras are associative, 
commutative and unital. The term “scheme” means a scheme over k. For a scheme 
X let Ux designate its structure sheaf. If S is another scheme then an S-valued point of 
X is a morphism S -+ X. When S = Spec K is affine we speak of K-valued points 
instead. Assigning to a k-algebra K the set X(K) of K-valued points, we get a k- 
functor, i.e. a functor from the category of k-algebras to the category of sets. If 
u E X(K) and K’ is a K-algebra then u K, will denote the image of u in X(K’). We 
denote similarly by subscripts the modules, algebras, schemes, etc. obtained by ring 
extension. Following [2], by a k-faisceau we mean a k-functor satisfying the sheaf 
property with respect o faithfully flat, finitely presented Grothendieck topology. 
1. Twisted forms, deformations, rigidity 
1.1. Given a scheme X, we shall consider sheaves of Lie Lox-algebras .Z with the 
property that 9 is locally free of rank N as an Ox-module. Such an 9 may be viewed 
as a continuous family of N-dimensional Lie algebras parametrized by X. When 
X = Spec R is affine, the sheave 9 is associated with a Lie R-algebra which is 
projective of rank N as an R-module. We are interested in the behavior of a continu- 
ous family of Lie algebras near a point of the parameter space. So most of the time one 
may assume X to be affine and 2’ a free Ox-module. However, geometric language is 
still more convenient. 
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Given 2 as above and a morphism f : Y -+ X, we can apply base change to obtain 
a continuous family f* Z’ of N-dimensional Lie algebras parametrized by Y. When 
L is a Lie k-algebra and n : X + Speck the structure morphism, denote x*L by 
Ox 0 L. We use French abbreviation fppf for ‘tfaithjiilly jut, finitely presented”. We 
call _!? an X-form of L if there exists an fppf morphism f: Y +X such that 
f* 2 E Oy @ L as Lie &$-algebras. In particular, Ox 0 L is a trivial X-form of L. 
Recall that a point x E X is rational if its residue field coincides with k. Rational 
points are in a one-to-one correspondence with k-valued points. Let ix: Speck + X 
denote the corresponding morphism. Suppose that L is a Lie k-algebra of dimension 
N. By an X-deformation of L at a rational point x we mean a pair (9, a) consisting of 
a continuous family of N-dimensional Lie algebras parametrized by X and a Lie 
k-algebra isomorphism M : L + i: 9. In particular, the pair (0, @ L, a), where a is the 
canonical isomorphism L E’ (xix)*L E i:n*L provided by nix = id, is called the 
trivial deformation of L. Two X-deformations (2, a) and (2’, a’) at the same point 
x are called equivalent if there exists a Lie Ox-algebra isomorphism 0 : _Y + 2’ that 
make commutative the diagram 
Let X = Spec R. If R = k [ [t]] is the formal power series algebra, then an X- 
deformation is called formal analytic. Denote by ,4 the algebra of dual numbers k [z], 
2 = 0. If R = A, then an X-deformation is called infinitesimal. It is well known that 
the equivalence classes of infinitesimal deformations correspond bijectively to the 
elements of the second cohomology group H*(L, L). The process of integrating 
a given infinitesimal deformation to a formal analytic one involves deformations over 
truncated polynomial algebras A, = k[ [t]]/(P). If for some n such a deformation is 
given, the possibility of its lifting to a deformation over A, + 1 depends on the vanishing 
of a certain obstruction, which is an element of the third cohomology group H3(L, L) 
[6,9]. Let Sq 5 E H3(L, L) denote the primary obstruction (arising for n = 2) to 
integration of an infinitesimal deformation whose equivalence class is IJ’ E H2(L, L). If 
[ is represented by a 2-cocycle 50 :L x L + L then Sq i is represented by the 3-cocycle 
(cp A cp)(a, b, c) = cp(cp(4 b), c) + cp(cp(b, 4 a) + cp(cp(c, a), b), 
where a, b, c E L. In considering deformations we do not restrict ourselves to the case 
of a complete local ring R (as was done in [S]). However, it is reasonable to assume the 
scheme of parameters to be connected. 
Let E be the algebraic losure of k. The Lie algebra L is called analytically rigid over 
k if any of its formal analytic deformations is trivial. It is called analytically rigid if Lris 
analytically rigid over E We call L geometrically rigid if for any scheme X, a rational 
point x E X and an X-deformation _‘Z of L at x there exists an open neighborhood 
S. Soyabin /Journal of Pure and Applied Algebra 105 (I 995) 195-224 199 
U of x in X such that for any k-valued point i: Spec I?+ U the Lie k-algebra i*Sf’ is 
isomorphic with Lf (when k = k, all Lie algebras of a continuous family near L are 
isomorphic to each other). 
1.2. We introduce now the scheme of Lie algebra structures. Let V be a fixed vector 
space over k of dimension N. For a k-algebra K denote by Alg( V) (K) the set of all Lie 
K-algebras whose underlying K-module coincides with Vx. If K + K' is an algebra 
homomorphism then the operation of scalar extension provides a mapping 
Alg(V) (K) + Alg(V)(K’). Thus Alg(V) is a k-functor. In fact it is representable by 
a finitely generated k-algebra. If we choose a basis for V then a Lie K-algebra 
structure on V, is determined by a set of structure constants. Regarding these 
constants as indeterminates, we can form the ideal of the polynomial algebra gener- 
ated by the polynomials expressing the skewsymmetricity and Jacobi identities. The 
factor algebra by this ideal is the one we are seeking for. Thus Alg(V) is an affine 
algebraic scheme which is isomorphic with the scheme of Lie algebra structure 
constants [9,15]. If S is an arbitrary scheme then S-valued points of Alg(V) may be 
identified with the Lie Los-algebra structures on the Us-module Los 0 V. For each 
K the group GL(V)(K) = GL,(Vx) operates naturally on Alg(V)(K), so that if 
g E GL(V)(K) and p is the multiplication in _Y E Alg(V)(K) then gs is the Lie 
algebra whose multiplication gp is given by the rule (g&u, a) = g( p(g- ’ U, g-i u)) for 
U, v E V,. This gives an action of the general linear group scheme GL(V) on the 
scheme Alg(V). Two K-valued points of Alg(V) represent isomorphic Lie algebras if 
and only if they are conjugate under GL(V)(K). 
Assume further that L E Alg(V)(k) is a fixed Lie k-algebra with underlying vector 
space V. Consider the orbit morphism pL: GL(V) + Alg(V) determined by L. The 
stabilizer of L in GL(V) coincides with the automorphism group scheme Am(L) 
whose K-valued points are automorphisms of the Lie K-algebra L,. The image 0 of 
pL is a locally closed subset of Alg(V). Supplied with the structure of a reduced 
subscheme, it is called the orbit of L [2, II, $5, 3.1, 3.31. Since the scheme GL(V) is 
reduced, pL decomposes as follows [2, III, 93, 5.21: 
GL(V) --, GL(V)/Aut(L) z 0 -+ Al&V). 
Let K be a k-algebra and 2 E Alg(V)(K). Then Y is the image of a K:valued point 
of GL(V) under pL if and only if _Y 2 LK as Lie K-algebras. The scheme 0 represents 
the image faisceau of the orbit morphism. It follows that _Y E O(K) if and only if there 
exists an fppf K-algebra K' such that 5YK, is the image of a K/-valued point of GL( V), 
i.e. .54’x, r LKe. Thus O(K) consists of all K-forms of L whose underlying K-module 
coincides with V,. The K-valued points of the scheme GL(V)/Aut(L) are in a one-to- 
one correspondence with those of the scheme 0. 
We may look at this description from a somewhat different point of view. Let G be 
a group scheme over k and K a k-algebra. Suppose that the group scheme GK over 
K obtained from G by base change operates on a K-faisceau P from the right. Then 
P is called a G-torsor over K (or a K-faisceau of G-torsors) if (1) for each K-algebra K' 
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either P(K’) is empty or G(K’) operates on P(K’) simply transitively and (2) there 
exists an fppf K-algebra K’ such that P(K’) is nonempty. A G-torsor over K is trivial if 
it is isomorphic to Gk with the group scheme action given by right translations. 
Denote by H’(K, G) the set of isomorphism classes of G-torsors over K. If P is 
a G-torsor over K and K’ a K-algebra then Px, is a G-torsor over K’, which is trivial if 
and only if P(K’) is nonempty. For a group subscheme H of G there is a canonical 
mapping a : (G/H)(K) + H’(K, H) [2, III, $4, 4.51. 
Suppose that G = GL(V), H = Aut(L). Let 9 be the K-form of L and P the 
H-torsor over K corresponding to an element u E (G/H)(K). For a K-algebra K’ we 
may identify P(K’) with the set of those elements g E G(K’) that are sent to uK, under 
the canonical mapping G(K’) + (G/H)(K’) or, in other words, are sent to 9x, under 
the mapping G(K’) + Alg(V)(K’) determined by pL. Thus P(K’) may be identified 
with the set of all Lie K’-algebra isomorphisms LK, + ZK,. By [2, III, 55, 1.101 there is 
a one-to-one correspondence between the isomorphism classes of K-forms of L and 
the isomorphism classes of H-torsors over K. We see that _!Z corresponds to P. 
1.3. Proposition. The following conditions are equivalent: 
(i) L is geometrically rigid; 
(ii) the orbit 0 is an open subset of Alg( V) (in other words, 0 is an open subscheme of 
the reduced scheme Alg( V),,,) ; 
(iii) for any reduced scheme S, rational point x E S and S-deformation 9 of L at 
x there exists an open neighborhood U of x in S such that 91U is a U-form of L. 
Proof. (i) * (ii). Let X = Alg(V). The identity morphism X --) X is an X-valued 
point of Alg(V). Hence it determines aLie Ox-algebra structure _CZuuniv o  0X 6 V with 
the property that the Lie OS-algebra structure on OS 0 V corresponding to a mor- 
phism f: S + X is precisely f *puni”. In particular, i&9”niv r A4 for any Lie 
E-algebra M E X(E), where iM : Spec E + X denotes the corresponding morphism. We 
may regard Tuuniv as an X-deformation of L. Applying to _CZuuniv the definition of 
geometric rigidity that we have adopted here, we find an open neighborhood U of L in 
X such that M z Lh for all M E U(F), that is, U(E) E O(E). The set U(E) is an open 
subset of the algebraic variety X(E). Since the group GL(V)(k) operates simply 
transitively on O(K), the latter is open in X(E) as well. By [2, I, $3, 6.81 there is 
a one-to-one correspondence between the constructible subsets of the scheme 
X = X x SpecE and those of the algebraic variety X(g), under which open subsets 
correspond to open ones. Hence, the image of the immersion 0 x Spec E + 8 is open 
in 8. The projection X + X maps open subsets of X onto open subsets of X. Thus 0 is 
open in X. 
(ii) z- (iii). We may assume that the underlying OS-module of 9 is free of rank N, 
and so is isomorphic to OS @ V. Then 5’ z f *_Yuniv for some morphism f: S --, X. 
Since i: 9 z L, the morphism fix : Speck +X corresponds to a rational point of 
X lying in 0. Hence f (x) E 0. Put U = f - ’ (0). As U is reduced, the restriction off to 
U factors through 0. Put Y = GL(V) xo U. The projection p: Y + U is an fppf 
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morphism since so is GL(V) + GL(V)/Aut(L) [2, III, $3, 2.51. The Lie Or-algebra 
p*q/ = (fp)*z”ni” corresponds to the Y-valued point fp of X. The latter is the 
image of a Y-valued point of GL(V) as this means just that fp factors through GL(V). 
Thus p*_Ylv z Or0 L. 
(iii) * (i). Let S be an arbitrary scheme, 9 an S-deformation of L at x. Applying 
base change Sred + S, we may assume that S is reduced. Let then U be given by (iii). 
There exists an fppf morphism g : Z +U such that g*91U~0z@L. Let 
i : Spec I?-, U be a K-valued point. The fibre product Z xu Spec E is a nonempty 
algebraic scheme over r?. Hence there exists a k-valued point j : Spec 5 + Z such that 
gj = i. Then i*Y gj*(O, 0 L) z L. 
Remarks. (1) If Alg( V) is reduced at L (in particular, if L is a simple point of Alg( V)) 
then (ii) implies that 0 is an open subscheme of Alg( V) and one need not assume S to 
be reduced in (iii). 
(2) Suppose that there exists a chain of group subschemes Aut(L) = Ho 2 HI 
2 .-. z H, = e such that for each i < s the group subscheme Hi+ 1 is normal in 
Hi and the factor group scheme Hi/Hi+ 1 is isomorphic to one of the group schemes 
SL, Sp, G,, G,. Then the projection GL(V) + GL(V)/Aut(L) admits local sections. It 
follows that in (iii) one can choose U such that 9;elu z Lo,@ L, that is, 9 is locally 
trivial. 
1.4. Let ,4 = k[z], 2’ = 0. For a scheme X and its rational point x, the tangent space 
7’,(X) may be viewed as a subset of X(n), the preimage of x under the mapping 
X(n) +X(k). In particular, for X = Alg(V) the tangent space consists of those Lie 
n-algebra structures on V, whose reductions modulo r yield a given Lie algebra 
structure on V. It follows that T,(Alg(V)) is identified with the space of 2-cocycles 
Z2(L, L). Consider now all infinitesimal deformations (9, a) of L such that y is 
a n-form of L, and let Obs denote the subset of corresponding cohomology classes in 
H2(L, L). 
Proposition. The tangent space TL(0) to the orbit of L consists of all cocycles 
cp E Z’(L, L) whose cohomology classes belong to Obs. In particular, Obs is a linear 
subspace of H’(L, L). 
Proof. We know already that O(4) is the subset of Alg(V)(n) characterized by the 
property that the corresponding Lie n-algebras are n-forms of L. Since T,(O) = 
O(n)n T,(Alg(V)), the result is immediate. 
Corollary. Let e be the origin of the homogeneous space GL(V)/Aut(L). Then there is 
an exact sequence of vector spaces 
0 + Der(L) + gl(V) --, T,(GL(V)/Aut(L)) + Obs + 0. 
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Proof. For any group scheme G and its group subscheme H the sequence 
0 + Lie(H) + Lie(G) + T,(G/H) is exact. Taking G = GL(V), H = Aut(L), we get 
the first three terms. Further, the projection 2 2(L, L) -P H 2(L, L) induces an epimor- 
phism of T’,(O) onto Obs whose kernel coincides with the space B2(L,L) of all 
2-coboundaries. It is well known that the differential at the identity element of the 
orbit morphism pr, : GL( V) --f Alg( V) is given by the differential C’(L, L) + C2(L, L) 
of the standard cochain complex C*(L,L) for computing Lie algebra cohomology 
groups, and so its image coincides with B2(L,L). In view of the isomorphism 
T,(G/H) z TL(0), we get the exactness at T,(G/H). 
1.5. Proof of Theorem 1. Denote G = GL(V), X = Alg(V). Since 0 is a smooth 
scheme, we have 
(*) dim TL(0) = dim0 I dimLX 5 dim TL(X). 
In order that 0 be open in X, it is necessary and sufficient that dim0 = dimtX. 
Indeed, let C be an irreducible component of X. Supply C with the structure of 
a reduced subscheme. Then the scheme G x C is irreducible and reduced. The image of 
the composite morphismf: G x C + G x X --) X is irreducible and contains C. Hence 
Imf = C, and sof factors through C. In other words, C is stable under the action of G. 
So 0 s C whenever L E C. If the equality above holds then dim 0 = dim C for any 
component containing L, and it follows that C = 0 is the unique such component. As 
0 is open in its closure, 0 is a neighborhood of L in X and hence 0 is open in X. 
If Obs = H2(L, L) then TL(0) = TL(X), and so the two inequalities in ( * ) have to 
be equalities. The first one shows that L is geometrically rigid, the second shows that 
L is a simple point of X. 
To proceed further recall the notion of the tangent cone [12]. Denote by A the 
affine algebra of the scheme X, by m its maximal ideal corresponding to the rational 
point L. The tangent cone 
2 = Spec(gr,A), gr,,,A = A/m @ m/m2 0 m2/m3 @ ... , 
to X at L is a closed subscheme of the prime spectrum of the symmetric algebra 
S(m/m2). So its rational points constitute a closed subset of the tangent space 
TL(X) E (m/m”)*. Note also that 
(**) dim2 = dimLX 
since both the dimensions are given by the integer d such that dim,(A/m”) is 
a polynomial in n of degree d for all n sufficiently large. 
Suppose that cp E Z(k) E Z’(L, L), and let c be its cohomology class in H’(L, L). 
We claim that Sq 5 = 0. Denote A’ = k[t]/(t3). Let 9 E X(A) be the Lie A-algebra 
structure determined by the cocycle cp. Then 9 corresponds to a homomorphism 
fl : A + A. We must show that 55’ is contained in the image of the canonical mapping 
X(A’) + X(A), in other words, that /-I can be lifted to a homomorphism A + A’. We 
deal here with homomorphisms that vanish on m3, and so factor through A/m3. If we 
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take a subspace S1 E m/m” complementary to m’/m” and put Sz = SISl = m2/m3, 
then we see that k @ S1 0 S2 is a grading of the algebra A/m3 compatible with its 
m-adic filtration, so that A/m3 z gr,(A/m3). Hence it will suffice to show that the 
associated homomorphism of graded algebras gr fi : gr,A + A can be lifted to 
a homomorphism y : gr,A + A’. The homomorphism gr /? is given by the rule 
u H L(u)t (mod t2) for u E m/m2, where 1, :m/m2 + k is the linear form corresponding 
to cp under natural identifications. Since q E Z(k), the form 1 extends uniquely to 
a homomorphism gr,A + k, which we denote by the same letter 1. Now define 
a homomorphism 6 : gr,,, A + k[t] by the rule 6(u) = L(u)P for u E m”/m”+‘. We may 
take y to be the composite of 6 and the canonical projection k[t] + A’. 
Assuming that the equality Sq[ = 0 implies [ E Obs, we have therefore 
Z(k) c TL(0). If k is algebraically closed then 
dim Z = dim Z(k) I dim TL(0) = dim 0 I dimLX. 
In fact we have equalities here in view of ( **). By the remark at the beginning of the 
proof L is geometrically rigid. The proof is completed. 
1.6. For a group scheme G and a local k-algebra R with maximal ideal m denote by 
H! (R, G) the set of isomorphism classes of all G-torsors P over R such that P(R/m) is 
nonempty, i.e. P becomes trivial after base change R + R/m. In other words, H! (R, G) 
is the kernel of the canonical mapping of pointed sets H’(R, G) -+ H’(R/m, G). In 
general, if X is a functor from the category of k-algebras to the category of pointed 
sets, denote by X.(R) the kernel of the mapping X(R) + X(R/m). Suppose that H is 
a group subscheme of a group scheme G and G/H the quotient faisceau [2, III, $31. 
For a k-algebra K denote by e the identity elements of the groups H(K), G(K) and 
also the image of e E G(K) in (G/If)(K). Consider these as distinguished elements. 
Assume that R is a local algebra with residue field k. We have then a commutative 
diagram 
1 -H(k) -_, G(k)+ (G/H)(k) --d(k,H) -_,H’(k,G) ; -_,H’(k,G/H) 
l-_,H(R)~G(R)~(G/H)(R)--_,H1(R,H)~H1(R,G) ‘; +H’(R,G/H) 
UI UI UI UI UI : UI 
l~H.(R)-_,G.(R)~(G/H).(R)-_,H!(R,H)-_,H!(R,G) +H!(R,G/H) 
where we consider the last column only in case of a normal group subscheme H. The 
first two rows are exact sequences of pointed sets [2, III, $4, 4.6, 5.11. 
Lemma. The bottom row in the diagram above is an exact sequence of pointed sets. 
Proof. The exactness at H.(R) and G.(R) is immediate. Since k is a subalgebra of R, 
the algebra epimorphism R + k splits. Hence the mapping X(R) + X(k) is surjective 
for any k-functor X. 
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Suppose that u E (G/H).(R) has trivial image in H!(R,H). Then u is the image of 
some g E G(R). The image J of g in G(k) belongs to H(k). There exists h E H(R) such 
that its image in H(k) coincides with Q. Replacing g by gh-‘, we may assume that 
S = e, i.e. g E G. (R). Thus the sequence is exact at (G/H). (R). 
Suppose now that q E H! (R, H) has trivial image in Hf (R, G). Then q is the image of 
some u E (G/H)(R). Let U be the image of u in (G/H)(k). Then t.i is the image of some 
S E G(k). We can find g E G(R) such that its image in G(k) coincides with S. Replace 
ubyg-i u. The image of u in H’(R, H) does not change [2, III, 94,4.5], while zi = e in 
(G/H)(k), i.e. u E (G/H). (R). Thus the sequence is exact at H! (R, H). 
Suppose next that H is normal in G and that 8 E H! (R, G) has trivial image in 
H.’ (R, G/H). Then 8 is the image of some r~ E H’(R, H). Let q be the image of q in 
H’(k, H). Then f is the image of some I E (G/H)(k). Choose u E (G/H)(R) such that its 
image in (G/H)(k) coincides with U. The group (G/H)(R) operates on H’(R, H) from 
the right and we can replace q by vu - i. Then f is trivial. Hence q E H! (R, H). Thus the 
sequence is exact at H.‘(R, G). 
1.7. An algebraic scheme X over a commutative ring K is smooth if and only if for any 
K-algebra C and its ideal I with 1’ = 0 the canonical mapping X(C) --) X(C/I) is 
surjective [2, I, $4, 4.61. Suppose that a K-algebra R is a complete local ring with 
maximal ideal m. If X is smooth then the mappings X(R/m”+‘) + X(R/m”) are 
surjective for all II > 0. Since X(R) is identified with the inverse limit of the sets 
X(R/m”), n > 0, the mappings X(R) + X(R/m”) are surjective for all n > 0 as well. 
Lemma. Let G be a smooth a&e group scheme, R a complete local k-algebra with 
maximal ideal m. Then a G-torsor P over R is trivial provided that P has a point in RJm. 
Proof. By [2, III, §4,1.9] P is an affine scheme over R. There exists an fppf R-algebra 
R’ such that PR, z GR, is a smooth scheme over R’. By [2, I, §4,4.1] P is smooth over 
R. Hence the mapping P(R) + P(R/m) is surjective. Since P(R/m) is nonempty, so is 
P(R), i.e. P is trivial. 
Proposition. Let H be an afine algebraic group scheme, R = k[[t]], A = k[z] z 
R/(t’). Suppose that P is an H-torsor over A which has a point in k s R/(t). Then there 
exists an H-torsor P over R such that p E PA. 
Proof. By [2, II, §2,3.3] H is isomorphic to a closed group subscheme of some general 
linear group scheme G = GL(U). Let 5 E H! (A, H) be the isomorphism class of P. 
Since G is smooth, H! (A, G) is trivial by the lemma. It follows from Lemma 1.6 that 
5 is the image of an element u E (G/H)(_4). The scheme G/H is smooth [Z, III, §3,2.7]. 
Hence the mapping (G/H)(R) + (G/H)(A) is surjective. Pick out a preimage of u in 
(G/H)(R) and take P to be the corresponding H-torsor over R. 
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Corollary. Ifs is a A-form of L such that J?/z~ z L then there exists a k[[t]]-form 
3’ of L such that 8 E Z/t2 A?. 
It is immediate in view of the correspondence between the twisted forms of L and 
the torsors for the group scheme H = Aut(L). 
1.8. Proposition. For an afJine algebraic group scheme H the following conditions are 
equivalent: 
(i) H is smooth; 
(ii) H! (R, H) is trivial for any complete local k-algebra R; 
(iii) H! (k[ [t]], H) is trivial; 
(iv) H! (A, H) is trivial. 
Proof. The implication (i) => (ii) is just a restatement of Lemma 1.7. Property (iii) is 
a special case of (ii). To see that (iv) is a consequence of (iii) consider H-torsors p, P as 
in Proposition 1.7. Since P has a point in k, so does P. Thus (iii) implies that P is 
trivial, hence P is trivial as well. Suppose now that (iv) holds. We may assume that H is 
a closed group subscheme of a smooth group scheme G. Take in Lemma 1.6 R = A. It 
follows that the mapping of tangent spaces T,(G) + T,(G/H) is surjective. Since both 
G and G/H are smooth, the projection p : G + G/H is smooth at the origin e [2, I, $4, 
4.151. The structure morphism H + Spec k is obtained from p by pullback via 
i,: Speck + G/H [2, III, $3, 1.51. Hence H is smooth as well. Thus (iv) * (i). 
Corollary. The following conditions are equivalent: 
(i) Aut(L) is a smooth group scheme; 
(ii) for any complete local k-algebra R with maximal ideal m any R-form Y of 
L satisfying 9/mP E L is trivial; 
(iii) any k[[t]]-f orm A? of L satisfying Z/t9 g L is trivial; 
(iv) Obs = 0. 
Note that (iv) means that any n-form 9 of L satisfying _Y/zY zz L is trivial. Hence 
conditions (i)-(iv) are equivalent o the corresponding conditions of the proposition 
with H = Aut(L). 
We are now able to give the proof of Theorem 2. A Lie algebra is geometrically 
(respectively analytically) rigid if and only if it is so after field extension. Also, a group 
scheme is smooth if and only if it is so after field extension. Hence we may assume k to 
be algebraically closed. Analytic rigidity implies geometric rigidity [S, Theorem 3.21. 
Assume that L is geometrically rigid. Any open subset U of the scheme 
S = Speck [ [t]] containing its unique rational point coincides with S. Hence, by 
Proposition 1.3, any formal analytic deformation of L is a k [ [t-J]-form of L. In order 
that any formal analytic deformation of L be trivial, it is necessary and sufficient hat 
Aut(L) be a smooth group scheme, as is seen from the corollary above. 
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1.9. Proof of Theorem 4. Let 2 be the A-deformation corresponding to the cohomol- 
ogy class i E Obs. Then 2 is a A-form of L. By Corollary 1.7 there exists a k[[t]]- 
form .Y of L such that 8/t2_5? E 9’. The multiplication in _V is given by a formal 
seriesp + tql + t2qz + .a., where the cocycle cpr is a representative of [. In particular, 
it follows that Sq 5 = 0. Now it remains to apply the corollary to the following 
proposition. 
Proposition. Assume k to be perfect. Let G be an afine algebraic group scheme, P a G- 
torsor over R = k[ [t]] having a point in k. Then P becomes trivial after base change 
R + R, t H tq, where q is a suitable power of p. 
Proof. Let G, denote the kernel of the rth power of the Frobenius homomorphism. 
For r sufficiently large the affine group scheme G/G, is smooth [2, III, §3,6.5], and so 
H! (R, G/G,) is trivial by Lemma 1.7. Hence the mapping H! (R, G,) + H.1 (R, G) is 
surjective by Lemma 1.6. Thus it will suffice to prove the proposition assuming 
G = G,. Denote q = p’. The scheme P is affine along with G [2, III, §4, 1.91. Let 
G (respectively P) be represented by a k-algebra A (respectively R-algebra B). Let K be 
an fppf R-algebra such that PK is a trivial G-torsor. Then AK z BK. The homomor- 
phism k + A is injective, hence so is K + BK. By faithful flatness of K over R the 
homomorphsm R --, B is also injective. Identify R with a subalgebra of B. The algebra 
A is local and the kernel of the augmentation A + k consists of elementsf E A such 
thatfq = 0 [2, II, §7,1.6]. Hence A4 c k, and (AK)q E K. It follows that K @QR Bq E 
K(B,)q E K, whence RBq E R. Denote R’ = k[[tl/q]]. The composite of the ring 
homomorphisms B + R, f H fq, and R + R’, f H f l/q, is an R-algebra homomor- 
phism B + R’. Thus P(R’) is nonempty, and so PR, is a trivial G-torsor over R’. 
Finally, there is a k-algebra isomorphism R’ -+ R, t ‘lq w t, whose restriction to R is 
given by the assignment t H tq. 
Corollary. Assume k to be perfect. If55 is a k[ [t]]-form of L such that 2’/t_Y r L then 
2 becomes trivial after base change t H tq, where q is a suitable power of p. 
Remark. Let H = Aut(L), G = GL(V). Denote by .& 3 the completions of the local 
rings A = cI!I,,~,~ and B = c??,,~. The morphism Spec AI-* G/H g 0 corresponds to an 
&form _?Z of L. The g-form 64~ is trivial since the composite morphism 
Spec B --f Spec A^ + 0 factors through G. Both G and G/H are smooth schemes, that is, 
A^ and i are formal power series algebras. If t 1, . . . , tl is a system of formal parameters 
for A^ then the multiplication in 2 is given by a formal series p + tl cpl -k ... + 
443 + ..-, where p is the multiplication in L and the cocycles (pl, . . . , cpr form a basis of 
the tangent space TL(0). The projection G --t G/H is a faithfully flat morphism, so that 
we may identify A^ with a subalgebra of 6. It is possible to prove that there exists 
a system of formal parameters t;, . . . , t: (n 2 1) for fi such that the elements 
tl = (tip, . ..) tl = (tj’)“‘, where ql, . . . , qr are suitable powers of p, form a system of 
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formal parameters for 2 Thus we can find a system of formal parameters for A^ such 
that 9 becomes trivial after base change I+ i, ti H (ti)“*, i = 1, . . . ,l. 
1.10. Recall the definition of obstructions to integrating automorphisms which were 
introduced in [7]. Let H = Aut(L), G = GL(V), A, = k[t]/(t”) for n > 1. The projec- 
tion An+1 + A, induces a group homomorphism H(A,+ 1) -P H(A,), which is not 
surjective in general. However, the homomorphism G(A,+ i) -+ G(A,) is surjective, 
and so each element g E If(&) can be lifted to some 4 E G(A,+ i). We have 
g = &, + to, + ... + t”-lO,_l (modt”), 
i = &, + te, + ... + t”e, (modt”+‘), 
where 8 ,, , . . . ,8, are linear endomorphisms of V, and t9” may be chosen arbitrarily. Let 
/A be the multiplication in L which we extend by K-linearity to V, for each k-algebra 
K. Consider a new multiplication b = 6~ on A,+ 1 0 V. Let tdenote the image oft in 
A n+l* The reduction of $ modulo t” yields the multiplication p = gp on A, @ V, since 
g is an automorphism of A, @ L. Hence fi(u, v) = ~(u, V) (mod P’), i.e. 
ii(u, V) = ~(u, u) + t”cp(u, V) for 24, uE V, 
where cp : V x I/ + I/. The assignment r H P defines an isomorphism of A onto the 
subalgebra k + kt’” of A, + i . Thus we can define an infinitesimal deformation of 
L replacing P by r in the formula above. It follows that cp is a cocycle for L. Further, if 
#’ E G(A,+ i) is another lifting of g, then g’ = h”@, where h” = id + r”$ E G(A,+ i). Let 
i’ be the multiplication, cp’ the cocycle corresponding to Q’. We have /2’ = h”fi, whence 
cp’ differs from q by the coboundary of $. It follows that the cohomology class of cp, 
which we denote ohs’(g), does not depend on the choice of 0,. Explicitly, if we take 
0” = 0, then 
n-l 
q(u,u) = - C p(~iO~‘u,8,_iO~‘v) for U,UE I/. 
i=l 
We see that @ is an isomorphism between the two Lie A,, i-algebra structures on 
A ” + 1 8 V given by the multiplications p and ii. Thus the class obs’( g) is characterized 
as follows. Consider A,+ 1 as a A-algebra via the homomorphism r H P. If 9 is 
a A-deformation which represents ohs’(g), then there exists a Lie A,, i-algebra 
isomorphism A, + i @ L + A,+ 1 On 9 which induces the automorphism g of A, @ L 
after base change A,, 1 + A,. 
In order that ohs’(g) = 0, it is necessary and sufficient that fi = ,u, i.e. that 
g E H(A,+ r) for a suitable choice of 8,. If h E H(A,) is the image of some h”~ H(A,+ i) 
then g”& = &A, whence obs’(gh) = ohs’(g). Recall that H. (A”) denotes the kernel of 
the homomorphism H(A,) + H(k). We may identify H(k) with a subgroup in H(A,), 
which is contained in the image of H(A,+ r). Let S denote the image of g in H(k). Then 
go-’ E H. (A,) and ohs’(g) = obs’(gg-‘). Denote by Obs’ the subspace in H’(L, L) 
spanned by the cohomology classes ohs’(g) for all possible n > 1 and g E H(A,) (or, 
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which is the same, g E H. (A.)). It follows from Theorem 4 and Proposition 2.8 at the 
end of the paper that these are indeed the restricted cohomology classes in the sense of 
[7], i.e. the infinitesimals of the formal analytic deformations that become trivial after 
suitable base change t H t”. In [7] the space of restricted cohomology classes was 
denoted as RH2. 
Lemma. If k is perfect then Obs c Obs’. 
Proof. Let c E Obs. By Theorem 4 there exists a trivial analytic deformation of 
L beginning ,M + tqcp + aa-, where the cocycle cp is a representative of c. Then p+ Fq 
is a trivial nq+ 1 -deformation of L. Hence I = ohs’(g) for some g E H(A,). 
1.11. Proof of Theorem 3. (i) * (ii). If L is geometrically rigid then any formal 
analytic deformation of L is a k[[t]]-form of L by Proposition 1.3, hence (ii) is 
satisfied by Corollary 1.9. 
(ii) * (iii). Suppose that p + t’cp + . . . is a formal analytic deformation of L. By (ii) 
there exists a trivial formal analytic deformation of L beginning p + t”q + ... for 
some s. It follows that the cohomology class c of cp is an obstruction to integrating an 
automorphism. Proposition 2.8 ensures that [ E Obs. 
(iii) * (i). We will need a description of k[[t]]-valued points of an algebraic 
scheme X. Let R = k [ [t]]. The scheme S = Spec R consists of a rational point so and 
a generic point sl. A morphism f: S + X is determined by the image of so, which is 
a rational point x E X, and a local homomorphism /3 : 0, + R. Let m be the maximal 
ideal of the local ring Lox. Assume that f does not factor through Speck, that is, 
b(m) # 0. Then the ideal Z = /?(m)R is generated by t’ for some r. Consider the m-adic 
filtration of 0, and the I-adic filtration of R. By passing to the associated graded 
objects we get a homomorphism 
gr/?:gr,Ux + gr,R z k[t]/(t’) 8 k[t’]. 
The homomorphisms k[t]/(t’) + k, t w 0, and k[t’] + k, t’ H 1, produce 
a homomorphism k[t]/(t’) (531 k[t’] + k. Taking the composite yields a homomor- 
phism gr,O, + k, which corresponds to a nonzero rational point of the tangent cone 
Z = Spec(gr,O,) for X at x. Denote by X. (R) the preimage of x under the mapping 
X(R) + X(k). The set X(k) is identified with a subset of X(R), and so x with a point in 
X. (R). Thus we can define a mapping 
(*) X. (R)\(x) -+ Z(k)\{% 
Its geometric nature is revealed by the following observation. Let 7c : 8 + X be the 
blowing-up of X at x [ 11,121. Denote U = X \ (x}. Then z induces an isomorphism 
n-‘(U) + U, any irreducible component of 8 intersects with z-l(U), the fibre x-‘(x) 
is identified with the projectivization P = Proj(gr,U,) of Z. Let # be the quasi- 
coherent sheave of ideals corresponding to the closed subscheme {x} c_ X. Then 
fx = m. Hence (f - ‘3 )R = Z is an invertible ideal of R. By [l 1, II, Proposition 7.141 
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there is a unique morphism g: S + 8 such that ng =f: The image y = g(sO) is 
a rational point of ~-l(x), that is, an element of P(k). If z E Z(k) corresponds to 
f under (*), then y is just the image of z under the canonical projection 
Z(k)\(O) + P(k). 
It is important that the mapping ( * ) is surjective. Indeed, let y E P(k), and let Y be 
an irreducible component of _? containing y. Then Y nn-i(U) # 8. We can find an 
irreducible curve C s Y such that y E C and Cnrr- l(U) # 8. The normalization of 
C is a smooth curve, hence the completion of any of its local rings is isomorphic to R. 
Thus we obtain a morphism g:S + 2 such that g(sO) = y and g(sl) E rrlr-i(U). Put 
f = reg. Thenf(s,) = x, whilef(s,) # x, that is,f does not factor through Speck. To 
f there corresponds a point in Z(k)\(O) which lies over y. By composing f with 
a suitable automorphism of S determined by a substitution t H At, ,I E k*, we can 
obtain any point in Z(k)\(O) lying over y. 
Assume now that X = Alg(V), x = L. Let cp E Z(k) E Z’(L,L). By surjectivity of 
( *), there exists a Lie R-algebra 9 E X(R) with the mutiplication given by a formal 
series p + t’rp + t’+’ fpr+ 1 + ... for some r > 0. According to (iii) the cohomology 
class of rp lies in Obs. Thus Z(k) c Z’,(O). We can complete the proof repeating the 
same arguments as in the proof of Theorem 1. 
1.12. Proof of Theorem 5. For a derivation D of a Lie algebra L there exist automor- 
phisms 
g = id + t0, + ..- + tP-‘Op_l (mod tp) 
of the Lie A,-algebra np @ L with e1 = D. We may take, in particular, Bi = D’/i! for 
i=l , . . . , p - 1. The obstruction ohs’(g) E H2(L, L) does not depend on the choice of 
8 2, . . . ,19~_ 1[7] and will be denoted by ohs, (D). This cohomology class is represented 
by the cocycle 
p-1 
+,Y) = -i;l i,(pl i), CD'XJ~-'YI, &YE-h 
which was denoted as - Sq D in [4,6]. Suppose that B = B, is the truncated poly- 
nomial algebra in n indeterminates, L = W,, the Jacobson-Witt algebra. Let 
a 1, . . . ,a, E L be the partial derivatives. By 14, Theorem 31 H2(L, L) is spanned by 
obsr(Di), . . . , obsl(Dn), where Di = ad& for i = 1, . . . ,n, and SO Z-Z’(L, L) = Obs for 
p > 5. By Theorem 1 L is geometrically rigid and L is a simple point of the scheme 
Alg(V). We complete the proof applying Proposition 1.3 (iii) and the following result. 
Proposition. Let S be a scheme, 9 an S-form of L = W,,. Zf p > 3 then S can be covered 
by open afine subsets U so that for each such a U z Spec R the sheaf _Y]v is associated 
with the Lie R-algebra Derr$& where g is a commutative R-algebra defined by 
generators yl, . . . , yn and relations yf = aI, . . . , y," = a,, with aI, . . . ,a,, E R. 
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Proof. We may assume that S E Spec R is affine and deal with R-algebras instead of 
sheaves. The R-forms of the algebra B (respectively L) are in a one-to-one correspond- 
ence with the torsors for the group scheme Aut(B) (respectively Aut(L)) over R. Since 
Aut(B) E Aut(L) [18,5.2], there is a one-to-one correspondence between the R-forms 
of B and those of L [18, 5.33. Thus _Y E Der,@ for a suitable R-form g of B. There 
exists an fppf R-algebra R’ such that WRf E BRf. Since R’ is identified with a subal- 
gebra of BRg and f p E R’ for allf E BRT, it follows by faithful flatness that R is identified 
with a subalgebra of a and BP c R. Also, a is a finitely presented R-algebra [2, I, $3, 
1.43. Let p E S, and let k(p) be its residue field. Then akcp) is a k(p)-form of B. The 
k(n)-algebra %+) can be defined by generators x1, . . . ,x, and relations 
x: = 61, . . ..x. = a”,, where Z 1, . . . , & E k(p) (see 118, 5.11, for example). Replacing 
R by a suitable localization R,, f# p, so that Spec R, is an affine open neighborhood of 
p in S, we may assume that x1, . . . ,x, are images in &&) of some y,, . . . , y, E g’. Denote 
ai=yp for i=l,..., n. Then a, ,..., u,ER. The monomials x;. .e. -xi, 
011 r, . . . ,l, < p, form a basis of gkcp) over k(p). Since 9 is finitely presented over R, 
we can replace R by a suitable localization R,, f $ p, once again, so that the monomials 
y>. . . . .y:,Olll , . . . , 1, < p, will form a basis of 9 over R. Thus we can find an open 
affine neighborhood of any p E S with the desired property. 
Remark. (1) The proposition generalizes the description of forms of W,, over a field 
that was conjectured by Jacobson and established by Allen and Sweedler [l]. Group 
scheme theoretic approach is due to Waterhouse [18]. 
(2) It was verified in [4] that generalized Witt algebras, in particular the algebras 
W,, satisfy the property which was called in [4] a maximal prolongation of infinitesi- 
mal deformations. This can be restated by saying that the scheme Alg( V) is smooth at 
the points representing eneralized Witt algebras. For W, this follows also from our 
Theorem 1. 
2. Obstructions 
Assume that G is an affine group scheme over k. 
2.1. Let K be a k-algebra. For a K-algebra B and a B-module A4 denote by Chz(B, M) 
the complex of Harrison cochains, by Har:(B, M) its cohomology [9, lo]. We omit 
the subscript K when K = k. Recall that Chz(B, M) is a subcomplex of the complex of 
Hochschild cochains. Harrison cochains are K-multilinear mappings B x ... x B + M 
satisfying certain additional properties. We are interested in the group Ha&B, M). Its 
elements may be interpreted as the equivalence classes of extensions of commutative 
K-algebras 0 + M + B” -P B + 0 such that M is identified with an ideal of square zero 
in B” and the sequence admits a K-module splitting. If B = AK, where A is a k-algebra, 
then Chi(B, M) z Ch*(A, M). 
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Let further A = k[G]. Then AK is the affine algebra of the group scheme GK over 
K obtained from G by base change. Let g E G(K). The left (respectively right) 
translation by g is the automorphism of the scheme GK over K such that the 
corresponding transformation of the set of K’-valued points G(K’) for a K-algebra K’ 
is given by the rule h H gKPh (respectively kg,,) for h E G(K’). Denote by L(g) 
(respectively R(g)) the corresponding automorphism of the K-algebra Ax. Then 
L(gh) = L(h)L(g) and R(gh) = R(g)R(h) for g, h E G(K). The inner automorphism 
Int(g) of the group scheme GK is defined as the composite of the left translation by 
g and the right translation by g-l. 
Let M be a K-module. The algebra homomorphism A + K corresponding to 
a K-valued point h E G(K) makes M into an A-module which we denote as ‘M. In 
particular, ‘M designates the A-module structure on M determined by the augmenta- 
tion E : A + k. We write M instead of “M when this causes no ambiguity. We may 
consider “M also as a module over AK. For cp E Chjt-(AK, hM) and g E G(K) define 
cochains ,?(g)cp and p(g)cp by the formulas 
M&P)(fi, ..* Jl) = cp(-Q)fl, ... ,Ug)f,), 
(P(S)cp)(fi, *.* JJ = cp(K(g)f1, ... ,K(g)f,), 
where fi , . . . ,f. E AK. Then we obtain isomorphisms of complexes 
P(g) 
Ch: (A,,ghM)< ?’ Ch;(A,,hM) _ l Ch:: (Am&M) 
II? II2 II? 
Ch*(A,ShM) Ch*(A,hM) Ch*(A,‘M) 
We have also the induced K-linear isomorphisms of the cohomology groups. In 
particular, p (g - ’ ) induces an isomorphism 
Har*(A, gM) g Har*(A, M) 
Furthermore, the group G(K) operates on Ch*(A, M) and on Har*(A, M) via K- 
linear endomorphisms Ad(g) = J(g)P(g-‘), g E G(K). We call this action the adjoint 
one. The preceding can be applied to M = K. Denote 
Ohs(G)(K) = Har’(k[G],K). 
Then Ohs(G) is a functor from the category of k-algebras to the category of k-modules. 
To a homomorphism of affine group schemes G + G’ over k there corresponds 
a k-algebra homomorphism k[G’] + k[G] which induces a natural transformation 
Ohs(G) + Obs(G’). Denote Ohs(G) = Ohs(G)(k). Then Obs is a functor from the 
category of group schemes over k to the category of k-modules. For a k-algebra 
K denote by Ohs, the functor from the category of group schemes over K to the 
category of K-modules defined similarly. We have 
ObsK(GK) = Ha&Ax, K) E Ohs(G)(K). 
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As we have noted above there is the adjoint representation of G(K) on Ohs(G)(K). 
For g E G(K) the endomorphism Ad(g) of Ohs(G)(K) is induced by the automor- 
phism Int(g) of GK. If H is a normal closed group subscheme of G then Int(g) induces 
an automorphism of HK, hence a K-linear endomorphism of Ohs(H)(K). Thus we 
obtain a representation of G(K) on Ohs(H)(K) such that the canonical mapping 
Ohs(H)(K) + Ohs(G)(K) is a G(K)-module homomorphism. Also, if G + G’ is 
a homomorphism of affine group schemes then we let G(K) operate on Obs(G’)(K) 
via the homomorphism G(K) -+ G’(K). The mapping Ohs(G)(K) + Obs(G’)(K) com- 
mutes with the action of G(K) too. 
If F is an additive functor from the category of k-modules to itself then there is 
a natural k-module homomorphism F(k) @I M + F(M) for a k-module M. It is 
defined as follows. For m E M let i, : k -+ M be the k-module homomorphism that 
sends a E k to am. Put into correspondence with 5 @ m, where 5: E F(k), m E M, the 
element F(i,,,)r E F(M). Applying the construction to the functor M H Ha?& M) 
we get a k-module homomorphism 
Ohs(G) @ M + Har2(A, M). 
We claim that it is an isomorphism provided that k is a field and G is an algebraic 
group scheme. Indeed, in this case the algebra A is finitely generated. So A r B/r, 
where B is a polynomial algebra in a finite number of indeterminates and r its ideal. 
Consider the composite y of the canonical projection B + A and the augmentation 
A --f k. Let n = Ker y, and let B operate on k-modules M via y. By [lo, Theorem 1 l] 
Har’(B, M) = 0. Apply now [lo, Theorem 23. We get a commutative diagram with 
exact rows 
Har’(B,M) e Hom,(r,M) W Ha? (A,M) e 0 
The ideal r is finitely generated, as well as the B-module sZB of Klihler differentials. 
Hence r/m and S2&tSZB are finite dimensional over B/n z k. We have therefore 
natural isomorphisms 
Horn&, M) z Hom(r/ur, M) z Hom(r/nr, k) @ M, 
Har’(B, M) z Horn&&M) s Hom(&&&!~, M) z Hom(!&/n& k) ~20 M. 
It follows that the left and the middle vertical arrows in the diagram are one-to-one. 
Hence so is the right one. 
Assume that k is a field and G is algebraic. Then by the above 
ObsK(GK) z Ohs(G) @K. 
It follows that the group G(K) operates on Ohs(G) ($3 K. As the action is functorial in 
K, we get a G-module structure on Ohs(G). Similarly, if H is a normal closed group 
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subscheme of G, then there is a G-module structure on Ohs(H). Also, a homomor- 
phism of affine group schemes G + G’ makes Obs(G’) into a G-module. The canonical 
mappings Ohs(H) + Ohs(G) and Ohs(G) --f Obs(G’) are G-module homomorphisms. 
Remark. In general G(K) operates on Ohs(G) 0 K when K is free of finite rank over 
k. So in particular we can take K to be the algebra of dual numbers. We obtain then 
a Lie algebra action of Lie(G) on Ohs(G). However, it is possible to prove that this 
action is trivial. 
2.2. Let K be a k-algebra, M a K-module. Consider an extension of k-algebras 
Q-+M+I?+K-+O 
representing acohomology class 4 E Har2(K, M). If G is a smooth group scheme then 
the homomorphism G(I?) + G(K) is surjective. This is not so in general. We shall 
describe below the obstruction to the lifting problem for a K-valued point of G. Let 
g E G(K), and let fl : A + K be the corresponding algebra homomorphism. By fun- 
ctoriality there is the induced class g5 = Har’(/I,id)c E Har2(A, gM), which is trivial if 
and only if /? can be lifted to a homomorphism A + 2. Now apply the right 
translation p(g- ‘) to obtain the class 
obs(5,g) = p(g-1)(g5)E Har’(A,M). 
Thus g is the image of a K-valued point of G if and only if obs(&g) = 0. Let 
9, k E G(K). 
Proposition. obs(<, gh) = Ad(g)obs(<, h) + obs(<, g). 
Proof. Replacing G by GK we may assume that K = k. Let 9? be the category whose 
objects are pairs (B, M), where B is a k-algebra, M is a B-module, and the morphisms 
from the object (B, M) to another object (C,N) are pairs (y,~), where y : B + C is an 
algebra homomorphism, x : N + M a k-linear mapping satisfying ~(y(b)u) = by for 
all b E B, u E N. Then Har” is a contravariant functor from % to the category of 
k-modules. For n = 1,2,3 we obtain examples of functors F satisfying (see [lo, 
Theorem 51) 
(i) F is additive in the second argument; 
(ii) for any two algebras B, C and a (B 0 C)-module M the canonical homomor- 
phisms B -+B @ C and C -+B 8 C induce a decomposition F(B @ C,M) E 
W, M) 0 J’(C, M). 
Notice that (ii) implies F(k, M) = 0 since k @ k E k. The contravariant functor 
F may be thought of as a covariant functor from the opposite category %ZgOp. Identify 
the objects in VP’ with the pairs (X, A), where X is an affine scheme, .M a quasicoher- 
ent sheave of Ox-modules. A morphism in VP from (X, &!) to (Y, JV) is a pair 
consisting of a morphism of schemes f: X + Y and a morphism of &-modules 
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x:f*.M + N. Condition (ii) is rewritten now as: 
(ii’) For any two affine schemes X, Y and a quasicoherent O,.y-module .4? the 
projections p:Xx Y -rX and $:Xx Y + Y induce an isomorphism F(X x Y,.&) 
= F(X,p*JO 0 F(Y,&4. 
As we shall see, the required formula is a consequence of property (ii’) applied to 
F = Har’. 
Let S = Speck, and let J&? be the quasicoherent Co,-module associated with M. 
Identify k-valued points g E G(k) with morphisms S + G. Then g.+&! is the 
quasicoherent @,-module associated with the k[G]-module BM. Let g, h E G(k). By 
(ii’) 
F(G x G,(g,h),4 z F(G,g,.4 0 J’(G,k,A). 
Consider the morphism f = id x h : G z G x S + G x G. The composite fg coincides 
with (g, h) : S + G x G. So there is a mapping 
i = F(f;id) :E;(G,g,&) -+F(Gx G,(g,h),A). 
Let p, p’ : G x G + G be the projections onto the first and second factors. Then pf = id, 
while p’f factors through S. Hence F(p,id)o i is the identity endomorphism of 
F(G,g,_M) while F(p’,id)o i = 0 since F(k, M) = 0. It follows that i is the canonical 
inclusion for the direct sum decomposition provided by (ii’). Let m : G x G + G be the 
multiplication morphism. Since the composite mfcoincides with the right translation 
by h, the restriction of the mapping 
F(m,id):F(GxG,(g,k),4+F(G,(gk),JO 
to F(G,g,&‘) coincides with p(h). It is verified similarly that the restriction of the 
mapping to F(G,h,.M) coincides with J(g). For 5 E F(S,&‘) we denote 
95 = F(g,id)l E F(G,g,.&). Since the product gh is computed as the composite 
m 0 (g, h), we have 
gh5 = F(m,id)(g5, % = I + n(g)(h5). 
Applying p(gh)-’ = p(g)-lp(h)-‘, we get the desired formula. 
2.3. We shall investigate now the complex Ch*(A, A), where A = k[G] and the 
A-module structure on A is given by multiplications. For each k-algebra K and 
q E Ch”(A, A) denote by (Pi the cochain in Chjt(&, AK) that extends cp by K-linearity. 
Extend the left and right translations to Ch:(A,, A,) by the rule 
Md~wl~ ~~~,.L) = awv4g-‘)fl~ ... ?w7-1MJ 
wd~Kf1~ ... ,_A,) = R(g)~(R(g-‘)f,,...,R(g-‘)f,) 
for g E G(K), $ E Chid&, 4, fl, . . . , fn E AK. We call cp right invariant if 
R(g)cpK = tpK for any k-algebra K and g E G(K). The right invariant cochains form 
a subcomplex Ch*(A, A)‘, which is stable under the action of the group G(k) given by 
the assignment g H L(g- ‘) for g E G(k). Let E : A + k denote the augmentation. 
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Proposition. The cochain map Ch*(A, A) + Ch*(A, k) defined by the assignment 
cp H E 0 cp induces a G(k)-equivariant isomorphism of complexes Ch*(A, A)G r 
Ch*(A, k). In particular, H’(Ch*(A, A)G) z Ohs(G). 
Proof. Consider the G-module structure on A such that the action of the group G(K) 
on AK for a k-algebra K is given by the right translations. It induces a G-module 
structure on the n-fold tensor product A@“. Let Sh, be the k-submodule of A@‘” 
generated by all shuffles (see [9, p. 431). The shuffles of each type form a G-submodule 
in ABn. Hence Sh, is a G-submodule as well. Now 
Ch”(A, A) E Hom(A@‘“/Sh,, A), Ch”(A, A)G E HOmG(A@‘“/Sh,, A). 
It is well-known that for any G-module W there is an isomorphism Horn,,, W, A) E 
Hom(W, k) which puts into correspondence to a G-module map cp : W + A 
the composite E(P : W + k. For W = A @"/Sh, we obtain the isomorphism of the pro- 
position. 
Consider the adjoint action of G(k) on A and on Ch*(A,A) defined by the rule 
Ad(g) = L(g-‘)R(g) for g E G(k). Consider k as a trivial G(k)-module. Then E is G(k)- 
equivariant since &(Ad(g) f) = f (g- ’ eg) = f (e) = e(f) for g E G(k), f E A. Hence so is 
the map Ch*(A, A) + Ch*(A, k). It remains to be noticed that Ad(g)cp = L(g-‘)cp for 
cp E Ch*(A, A)G. 
Remarks. (1) By 2.1 Ch*(A, A) g Ch*(A,“A). It follows that Har’(A, A) g A@ 
Har’(A, k) provided that k is a field and G is algebraic. 
(2) It is possible to define the k-submodule F(G, oG)G G F(G, 0,) for an arbitrary 
functor F introduced in the proof of Proposition 2.2. If k is a field then F(G, OG)G z 
F(G, k). So in particular Har’(A, A)G g H’(Ch*(A, A)G). 
2.4. Here we shall give some interpretation of the cohomology group 
H2(Ch*(A, A)G), where A = k[G]. For a free k-module M of finite rank let 
A(M) = k 0 M be the k-algebra with M regarded as an ideal of square zero. Each 
k-linear mapping M + M’ induces a homomorphism A(M) + A(M’). In particular, 
k is a A(M)-algebra via the homomorphism A(M) + k with kernel M. Consider the 
pairs (P,x), where P is a faisceau of G-torsors over A(M) and x E P(k). We call two 
such pairs (P,x) and (P’,x’) equivalent if there exists an isomorphism of G-torsors 
P + P’ such that the corresponding mapping P(k) + P’(k) sends x to x’. Let I(G, M) 
denote the set of all equivalence classes. The group G(k) operates on Z(G, M) from the 
left so that g(P,x) = (P,xg-‘) on the level of representatives, where g E G(k). By 
assigning to the equivalence class of a pair (P, x) the isomorphism class of the torsor 
P we obtain a mapping I(G, M) --t H’@(M), G). Two classes in I(G, M) have the same 
image in H’(/I(M), G) if and only if they are conjugate under G(k). Also, a torsor 
P over A(M) occurs in some pair (P, x) that we consider if and only if P(k) # 8. Thus 
there is a bijection of the set of orbits Z(G, M)/G(k) onto the kernel H.‘(A(M), G) of the 
canonical mapping H’@(M), G) + H’(k, G). For M = k the algebra A(M) is nothing 
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else but the algebra of dual numbers A. Denote I(G) = f(G, k). The following result 
allows us to view I(G,M) as a k-module. 
Proposition. Suppose that A is projective as a k-module. Then there is a natural 
G(k)-equivariant bijection I(G, M) E M 0 H’(Ch(A, A)G). 
Proof. By a G-algebra we mean a k-algebra B endowed with an action of G via 
automorphisms (in other words, B is also a G-module and the multiplication 
B @ B + B is a G-module homomorphism). In particular, we regard A as a G-algebra 
with the action of G given by right translations. Consider the A-module and G-module 
structures on M @ A given by the actions on the second factor. We say that an exact 
sequence 
(*) O-M@AI-ALA-0 
is an extension of G-algebras if II is a surjective G-algebra homomorphism such that 
(Ker 7~)~ = 0 and z is an isomorphism of M 0 A onto Ker K both as a G-module and as 
an A-module. We say that an extension (* ) is equivalent o a similar extension 
(**) 0-M@A&@zA-0 
if there is a G-algebra isomorphism y : A” --) A”’ such that yz = z’ and n’y = rc. There is 
a one-to-one correspondence between the equivalence classes of the extensions (*) 
and the cohomology classes in M &I H2(Ch*(A, A)G). Indeed, let an extension (*) be 
given. The G-module A is relatively injective in the following sense. If W’ + W is 
a G-module monomorphism which splits as a k-module monomorphism then any 
G-module homomorphism W’ + A can be extended to a G-module homomorphism 
W + A. The property is immediate since there is a natural equivalence between the 
functors HomG( a, A) and Hom( -, k) on the category of G-modules. The G-module 
M 61 A is a direct sum of several copies of the G-module A. Hence it is relatively 
injective too. As we assume A to be a projective k-module, the sequence (* ) admits 
a k-module splitting. It follows that it splits also as a sequence of G-modules. Hence 
there is a G-submodule in A” complementary to Mj?. The restriction of rc to such 
a submodule is an isomorphism. So we can find a G-module homomorphism c : A + A” 
such that rrts = id. Now define a cocycle cp E Ch’(A, M 0 A) by the rule 
4fM.L) = c(fif2) + r(cp(f1Jz)), fiJ2 E A. 
Since the multiplications A @I A + A and A” @ A” + 2, as well as c are G-module 
homomorphisms, 40 is right invariant. The choice of d is not unique. If tr’ is another 
one then o’(f) = o(f) + Q(f)), f~ A, for some G-module homomorphism 
x : A + M @I A. Then the cocycle constructed by cr’ differs from rp by the coboundary 
of x. It follows that the cohomology class of cp in H2(Ch*(A, M @0 A)G) E’ 
M @ H’(Ch*(A, A)G) does not change, so that we can associate this class to the 
extension (* ). 
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We can also describe the action of the group G(k) on M 8 H’(Ch*(A, A)‘) in terms 
of extensions. Let g E G(k). Since the left translations commute with the right ones, 
L(g): A + A is a G-algebra automorphism. Given an extension ( *), put A”’ = A, 
rc’ = L(g) 0 rc and z’ = 10 (id @ L(g- ‘)). Then we obtain another extension of G- 
algebras ( **). If Q: A --f A” is a G-module splitting of rc, then cr’ = cr 0 L(g- ‘) is 
a G-module splitting of rc’. Let cp be the cocycle constructed by ( * ) and 0, and let cp’ be 
the cocycle constructed by (**) and cr’. It is immediate that cp’ = L(g)cp. 
Now we shall describe a correspondence between the extensions of G-algebras and 
the elements of I(G,M). Let an extension (*) be given. Make A” into a n(M)-algebra 
by putting mf= r(m 0 n(f)) f or m E M, f~ A”. Then P = Speck is a scheme over 
/i(M) on which G operates from the right. The scheme Pk obtained from P by base 
change n(M) + k is representable by the k-algebra A/MA”. The homomorphism 
rc induces a G-algebra isomorphism A//Ma + A, which corresponds to an isomor- 
phism of schemes i : G + Pk compatible with the action of G from the right. Denote by 
x E P(k) the element corresponding to the identity e E G(k) under i. We must show 
that P is a G-torsor over n(M). Since A” is flat over n(M), it suffices to show that the 
morphism P x G + P xSpecA~M~ P defined by (y,g) H (y, yg) for Y E P(K), g E G(K), 
where K is a n(M)-algebra, is an isomorphism. Consider the corresponding 
homomorphism of n(M)-algebras A @A(M) A” + A” @ A, both of which are flat over 
n(M). To establish that this is an isomorphism we can apply the base change 
n(M) -+ k. Then we obtain the homomorphism of algebras that corresponds to the 
morphism Pk x G + Pk x Pk determined by the action of G on Pk. The latter is an 
isomorphism, for Pk is a G-torsor over k, as we have seen already. 
Thus we obtain a mapping M 0 H’(Ch*(A, A))’ -+ I(G, M). To show that it is 
G(k)-equivariant ransform ( * ) applying g E G(k). Then ‘II is replaced by L(g) 0 n, and 
so the isomorphism i: G --t Pk is replaced by the composite i’ of i with the left 
translation G + G by g. It follows that i’(e) = i(g) = xg. Hence the pair (P,x) is 
replaced by (P, xg). 
The inverse mapping I(G,M) -+ M @ H'(Ch*(A, A)‘) is defined as follows. Let 
a pair (P, x) be given. Since G is affine, so is P [2, III, §4,1.9]. Hence P is representable 
by a n(M)-algebra, say A”. The action P x G + P determines a right A-comodule or, 
which is the same, G-module structure on A”, and so A” becomes a G-algebra. The 
torsor Pk over k is representable by the k-algebra J/MA”. Hence the isomorphism of 
torsors G + Pk such that g b xKg for any k-algebra K and g E G(K) corresponds to 
a G-algebra isomorphism A/MA” + A. By composing with the canonical projection 
a --, A/Ma we obtain a surjective G-algebra homomorphism rc : A” --) A with kernel 
MA. As a is a flat /i(M)-module [2, III, $4, 1.93, we have an isomorphism of 
G-modules Ma z M 0 ACMl A” %’ M 8 A/MA” r M 0 A. Thus we obtain an extension 
of G-algebras which we associate with (P, x). 
Corollary. There is a G(k)-equivariant k-module isomorphism Ohs(G) E I(G), which 
induces a bijection Obs(G)/G(k) E H! (/i, G). 
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2.5. For a scheme X over k, a k-valued point x E X(k) and a free k-module M of finite 
rank denote by T,(X,M) the preimage of x under the canonical mapping 
X(A(M)) + X(k). Denote T,(X) = T,(X, k). Let H be a closed group subscheme of G. 
The quotient G/H is defined in the category of k-faisceaux [2, III, $31. Assume that 
G/H is a scheme. We shall construct a natural mapping 
8 : T,(G/H, M) + Z(H, M). 
To u E T,(G/H,M) s (G/H)(A(M)) we put into correspondence a pair (P,x) as fol- 
lows. For a n(M)-algebra K denoted by P(K) the preimage of us under the mapping 
G(K) + (G/H)(K). Then P is the H-torsor over n(M) whose isomorphism class 
corresponds to u under the canonical mapping (G/H)(/I(M)) + H’(n(M), H). Since 
uk is the origin of the pointed set (G/H)(k), we have P(k) = H(k). Put x = e E H(k). 
Obviously, 8 is natural in M. It follows that 8 is a k-linear mapping. Indeed, let 
pl, pz : M @ M + M be the projections, and let V : A4 @ M + A4 be defined by the rule 
(m, ml) H m + m’ for m, m’ E M. The addition in T,(G/H, M) is given by the induced 
mappings [3, II]: 
T,(G/H, M) x T,(G/H, M) + T,(G/H, M 0 M) ’ - Te(GIH, M). 
In view of Proposition 2.4 we have a similar description of the addition in Z(H, M): 
Z(H, M) x Z(H, M) - (p1,p2) Z(H, M 0 M) ’ - Z(H, M). 
Hence 8 is additive. For 1 E k let 1,: M + M denote the multiplication by 1. The 
multiplications by 1 in T,(G/H, M) and Z(H, M) are induced by AM. Hence 8 com- 
mutes with these multiplications. 
In particular, we get a k-linear mapping 8: T,(G/H) + Z(H). Suppose that k[H] is 
projective as a k-module. Composing with an isomorphism of Corollary 2.4 we obtain 
a k-linear mapping T,(G/H) -+ Ohs(H), which we also denote by 8. Let g E G(k). If 
either g E H(k) or H is normal in G, then the inner automorphism Int(g) of G induces 
automorphisms of the schemes H and G/H, hence it induces k-linear endomorphisms 
of Ohs(H) and T,(G/H). We thus obtain the adjoint representations of the group H(k) 
(respectively G(k)) on Ohs(H) and T,(G/H). The mapping 8 is natural in H, G. In 
particular, 8 commutes with the action of H(k) (respectively G(k)). 
Now let k be a field, G an algebraic group scheme. Then G/H is a scheme [2, III, 53, 
5.41 and so is GK/HK E (G/H), for a k-algebra K. Consider the k-functor 
K H F(K) = Te(GK/HK). Let m be the maximal ideal of the local ring Oe,GIH. By [2, 
II, $4, 3.31 there is a natural isomorphism F(K) g Hom(m/m’, K) z T,(G/H) 0 K. 
As we have seen, the group H(K) operates on F(K) via K-linear endomorphisms. 
Thus T,(G/H) is an H-module. The algebra K[HK] z k[H] @ K is projective as 
a K-module. Hence there is a K-linear H(K)-module homomorphism aK: P(K) + 
Obsx(HK) 1 Ohs(H) @ K. As aK is functorial in K, it coincides with a @ idK. It 
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follows that 8 is an H-module homomorphism. Similarly, if H is normal in G then 
T,(G/H) is a G-module and 13 is a G-module homomorphism. 
2.6. Proof of Theorem 7. There is a commutative diagram 
l+H.(A)-_,G.(A)+(G/~).(A)-+~!(A,H)~H! (A,G) ; +H! (A,G/H) 
II II II t t t 
O+Lie(H)+Lie(G)+T,(G/H)+Obs(H)~Obs(G)~ -+Obs(G/H) 
where we consider the final terms only in case of a normal group subscheme H. By 
Lemma 1.6 the first row is an exact sequence of pointed sets. The bottom row is 
a sequence of H-modules (a sequence of G-modules in case of a normal H). Its 
exactness at the first three terms is immediate. 
Suppose that 5 E Ohs(H) has trivial image in Ohs(G). Let q be the image of 5 in 
H.‘(A,H). Then q is the image of some u E T,(G/H). Let 5’ be the image of u in 
Ohs(H). Then 5’ and 5 have the same image in H’(A, H), whence 5 = h<’ for some 
h E H(k), and so 5 is the image of hu E T,(G/H). Thus the sequence is exact at Ohs(H). 
Suppose next that H is normal in G and that [ E Ohs(G) has trivial image in 
Obs(G/H). Let 19 be the image of [ in H.‘(A. G). Then 8 is the image of some 
q E H! (A, H). Choose t E Ohs(H) so that the image of 5 in H! (A. H) coincides with q. 
Let [’ denote the image of 5 in Ohs(G). Then c and c’ have the same image in 
H’(A, G). Hence i = gc’ for some g E G(k). As the mapping Ohs(H) + Ohs(G) is 
G(k)-equivariant, 5is the image of g[ E Ohs(H). Thus the sequence is exact at Ohs(G). 
Suppose that H is normal in G. To complete the proof we need to show that the 
mapping Ohs(G) + Obs(G/H) is surjective. Since Obs commutes with the ring exten- 
sions, we may assume that k is a perfect field of characteristic p. First we will establish 
the following. 
Lemma. Let A be a noetherian algebra, m its ideal. A^ the completion of A with respect 
to the m-a&c topology. Suppose that M is a finitely generated A-module such that 
mM = 0. Then there is the canonical isomorphism Har’(A, M) E Har’(A, M). 
Proof. If tii is the closure of m in i, then &it z A/m. We may regard M as an 
(A/m)-module, hence as an A-module. The canonical homomorphism A + A^ induces 
a mapping Har’(_& M) + Har’(A, M). We shall construct he inverse mapping. Let us 
interpret the elements of the second Harrison cohomology groups as equivalence 
classes of extensions of commutative algebras. Suppose that an extension 
0 -+ M + &’ + A -B 0 represents an element in Har2(A, M). Denote by t?t the preim- 
age of m in d. Let G and ~8 be the completions of M and d with respect o the 
fi-adic topologies. Since M is finitely generated and A is noetherian, the ring .& is 
noetherian too. Hence the induced sequence 0 + h + i+ A+ 0 is exact. Here 
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h E M since tiiM = 0. So we have constructed an extension of A^ by M. We thus 
obtain a mapping Ha?(A, M) + Har’(AT M). It is immediate that this is indeed the 
inverse one. The lemma is proved. 
Now let A = k[G], and let m be the kernel of the augmentation A + k. We may 
identify A^ with the completion of the local ring cO,,o. By the lemma 
Ohs(G) z Har2(A7 k). The structure of A^ is well known [2, III, $3, 6.21. There exists 
a surjective algebra homomorphism 8 = k[[tl, . . . , t,]] + A^ with the kernel 
f = (t;’ ,..., @),whereq,, . . . , ql are powers of p and 1 I n. Denoting by xi the image of 
ti in A^ we call x 1, . . . ,x, a system of formal parameters for 1 We can compute 
Har2(i, k) using an exact sequence [lo, Theorem 23 
0 -+ Har’(l, k) --* Har’(& k) + Horn&, k) + Har2(,& k) + Har2(& k). 
The elements of Har ’ (6, k) are derivations from 6 to k. Any such derivation vanishes 
on r. Hence the mapping Har ’ (A: k) + Har 1 (g, k) is an isomorphism. The formal 
power series algebra fi is the completion of the polynomial algebra 
B = k[[tl, . . . . t,]]. By the lemma Har’@, k) z Har’(B, k). The latter vanishes by 
[lo, Theorem 111. Let n denote the maximal ideal of 6. It follows that 
Ohs(G) g Horn&k) E Hom(r/nr, k). 
Let A’ = k[G/H], and let 2’ be the completion of the local algebra Ue,G,H. As the 
projection G + G/H is a faithfully flat morphism, the algebra Qe,c is faithfully flat over 
co e,GIH, and so is A^ over A^,. In particular, we may identify x’ with a subalgebra of A 
We can prove now that Ohs(G) -+ Obs(G/H) is surjective in the following case: 
There exists a system of formal parameters xi, . . . ,x, for A^ and a subset 
(*) 1 c (l,..., n} such that i’ coincides with the closure of the subalgebra in 
Lgenerated by xi = xf’, i E I, where the integers i are powers of p and si < qi 
whenever i < 1. 
Consider the formal power series algebra & = k[ [tf 1 i E I]]. Let n’ be its maximal 
ideal. We have qi = Siqf for i E I, i I 1, where qf are powers of p. The elements xf, i E I, 
form a system of formal parameters for &. Indeed, the algebra homomorphism 
i? --, A^ defined by the assignment ! H xi, i E I, has 2’ as its image and ideal r’ 
generated by the elements (ti)‘r:, i E I, i I 1, as its kernel. Consider the homomorphism 
8’ + fi defined by the assignment t! H t:, i E I. Then there is a commutative diagram 
with exact rows 
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which induces a commutative diagram 
Ohs(G) GZ Hom(r/nyk) 
1 L 
Obs(G/H) z Hom(r’/n’r’,k) 
The cosets of the elements t,B; i = I, . . . , I, (respectively (Qq;, i E I, i I I) form a basis of 
r/m (respectively r’/n’r’). Since the homomorphism @ -+ 5 sends (ti)q: to tf’, the 
induced linear mapping r’/n’r’ -+ r/m is injective. Hence the vertical arrows in the 
diagram above are surjective mappings, as required. 
We are not going to establish (*) in general. However, the condition is verified 
easily in the following two special cases: 
(a) G is a group scheme of height one, 
(b) H = G1 is the kernel of the Frobenius homomorphism. 
Incase(a)l=nandql = ... = qn = p. The factor group scheme G/H is of height 
one as well. There is an equivalence between the category of group schemes of height 
one and the category of p-Lie algebras [2, II, §7,4.1]. To the epimorphism G + G/H 
there corresponds a surjective Lie algebra homomorphism Lie(G) -+ Lie(G/H). In 
other words, the linear mapping m’/(m’)’ + m/m2 induced by the embedding A’ + A, 
where nt’ is the maximal ideal of A’, is injective. Take x1, . . . , x, E m’ such that their 
cosets form a basis of m’/(m’)‘. Add x,+ 1, . , . , x, E m so that the cosets of x1, . . . , x, 
form a basis of m/m”. Then x1, . . . , x, is a system of formal parameters for A^ E A and 
the algebra if E A’ is generated by x1, . . . , x,. 
Incase(b)A’=A~={~~/u~A)andsimilarlyAI’=~P.Ifx~,...,x,isanysystem 
of formal parameters for A^ then A’ coincides with the closure of the subalgebra 
generated by x f, . . _ , x,“. 
Thus the mapping Ohs(G) + Obs(G/H) is surjective in cases (a), (b). Now we shall 
consider the general case. If G is smooth then so is G/H [2, III, $3,2.7]. In this case 
Obs(G/H) = 0, and the assertion is trivial. At any rate, G/G, is smooth for r sufficiently 
large [2, III, $3, 6.101, where G, is the kernel of the rth power of the Frobenius 
homomorphism. We proceed by induction on r. Assume that G is not smooth, so that 
r > 0. Denote G’ = G/G,. Then Gi_, = GJG,, whence G’/G:_ 1 z G/G, is smooth. 
Thus we may apply the induction hypothesis to G’. Consider the commutative 
diagram 
Obs(G,/(G,nH)) -_,Obs(G/H) + Obs(G/(G,H)) 
t T T 
Obs( G,) - Obs( G) + Obs( G/G, ) --+ 0 
The rows are exact as we have proved already. The left and right vertical arrows are 
surjective by case (a) and by the induction hypothesis. It is immediate now that so is 
the middle arrow. The proof of the theorem is completed. 
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Remark. We see that, restricted to the category of commutative affine algebraic group 
schemes, the functor G H Ohs(G) is the first satellite of the functor G +P Lie(G) 
(compare [2, III, $5, 6.61). 
2.7. Proof of Theorem 6. By 2.4 Ohs(H) g I(H). Consider the pairs (P, x), where P is 
an H-torsor over n and x E P(k). Each P corresponds to some n-form 9 of L so that 
for any n-algebra K the set P(K) may be identified with the set of all Lie K-algebra 
isomorphisms LK -+ ZK. Then x corresponds to an isomorphism L + _Yk. Thus the 
equivalence classes of the pairs (P,x) are in a one-to-one correspondence with the 
equivalence classes of the pairs (9, a), where 3 is a /l-form of L and CI :L + _cZ~ is a Lie 
algebra isomorphism. The latter constitute Obs, while the former constitute Z(H). 
Hence there is a bijection Z(H) g Obs. Similarly, for any finite dimensional vector 
space M there is a natural bijection I(H, M) s M @ Obs. It follows that it is in fact 
a linear isomorphism. 
Remark. We have identified the Harrison cohomology group Har’(k[H],k) with 
a subspace of H’(L,L). As was shown by Nijenhuis, Richardson [14], H3(L,L) 
contains a subspace isomorphic to Ha?@, k), where A is the algebra representing the 
affine scheme Alg( V) and k is regarded as an A-module via the homomorphism A + k 
corresponding to the rational point L of Alg( V). The elements of this subspace may be 
viewed as obstructions to integrating the infinitesimal deformations of L. It would be 
interesting to relate these obstructions with those studied by Rauch [15]. The 
vanishing of obstructions is a necessary and sufficient condition for L to be a simple 
point of Alg( V). 
2.8. Let L be a finite dimensional Lie algebra over a field k. Let V be its underlying 
vector space and H the automorphism group scheme. Consider an extension of 
commutative algebras 
where kz is a one-dimensional ideal of 2 with a fixed basis element r, r2 = 0. Identify 
the algebra of dual numbers /1 with the subalgebra of R, so that R becomes 
a n-algebra. The action of R on kT is given by an algebra homomorphism R + k, so 
that there is the corresponding roup homomorphism H(R) + H(k). The latter splits 
since k is a subalgebra of R. So we may identify H(k) with a subgroup of H(R). Denote 
by H.(R) the kernel of H(R) + H(k). Let 5 denote the equivalence class of the 
extension, and let g E H(R). We have defined in (2.2) the class obs(g,g) E Ohs(H). 
Denote by obs’(&g) the corresponding class in Obs c H2(L, L). We are going to 
describe this class more explicitly. The image of the homomorphism H(R”) + H(R) 
contains H(k) since k is a subalgebra of R. That is, obs(t, g) = 0 whenever g E H(k). 
Assume in the sequel that g E H. (R). 
Let 9 be the n-deformation of L determined by the class obs’(& g). We may assume 
that the underlying n-module of 9 is V, and that the reduction of the multiplication 
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in _Y modulo z yields the original multiplication in L. The class in Z(H) corresponding 
to _5? is represented by a specific pair (P,x) described in 2.7. It follows that for any 
n-algebra K the set P(K) is a coset of the group GLK(VK) by its subgroup H(K). 
Furthermore, if z acts trivially on K then _YK = LK, whence P(K) = H(K). In 
particular, P(R) = H(R). The torsor P is representable by a /l-free n-algebra a. In 2.4 
we have associated with (P, x) an extension of algebras 0 + A + A” + A + 0 which 
represents the corresponding class in HZ(Ch*(A,A)H). It follows from the explicit 
construction of the class obs(<,g) and the isomorphism Har*(A, k) z H’(Ch*(A, A)H) 
that there is a commutative diagram 
0-k = >ii+R+O 
ET at YT 
where E is the augmentation, y is the homomorphism corresponding to the R-valued 
point g of H. The homomorphism /I corresponds to some R-valued point 6 E P(d). 
The commutativity of the right square means that & = g. In other words, 6 : La -2’~ 
is an isomorphism between the two Lie R-algebra structures on V,- and the reduction 
of g modulo r yields the given automorphism gof the Lie R-algebra LR. This property 
characterizes 2. 
Consider a particular case R = A,,,+r = k[t]/(t”+‘), z = t”’ (modt”+‘), 
R = A, = k[t]/(t”). We see that obs’(<,g) = ohs’(g) as defined in Section 1.10. Thus 
ohs’(g) E Obs for any g E H. (A,,,). Combining this with Lemma 1.10 we get 
Proposition. There is an inclusion Obs’ c Obs. Zf k is perfect then Obs’ = Obs. 
Remark. The properties of obstructions discovered in [7] admit natural explanation 
from group scheme theoretic viewpoint. In particular, if g, h E H. (A,,,) then we have 
obs’(gh) = ohs’(g) + ohs’(h) as a special case of Proposition 2.2. We can also general- 
ize the filtration in Obs for an arbitrary affine group scheme G over a field k. Let G, be 
the kernel of the rth power of the Frobenius homomorphism and Ohs(G), the image 
of Obs(G,) in Ohs(G). We get a chain of subspaces 0 = Obs(G)O c Ohs(G), s 
Obs(G)z c . . . . If G is algebraic then Ohs(G), = Ohs(G) for r sufficiently large. Let 
G”’ be the group scheme obtained from G by base change k + k, A H Ip’, the quotient 
G/G, is a closed group subscheme of G (*). Assume that k is perfect. Then we can apply 
base change k + k, 1 H 1P-“, to obtain a closed group subscheme ‘G = (G/G,)‘-‘) of G. 
We have G = OG 2 ‘G 2 *G 1 . . . . For a vector space V let V(‘) denote the new 
vector space obtained by base change k -+ k, 1 H 2P’. It is possible to prove that 
Obs(G),/Obs(G),_, g (Lie(‘-‘G)/Lie(‘G))“‘. Let Obs, be the image of Ohs(H), in 
Obs. If c E Obs, then we may take in Theorem 4 q = p’, as it follows from the proof of 
Proposition 1.9. 
224 S. Sktyabin /Journal of Pure and Applied Algebra 105 (I 995) 195-224 
References 
[l] H.P. Allen and M.E. Sweedler, A theory of linear descent based upon Hopf algebraic techniques, 
J.Algebra 12 (1969) 242-294. 
[2] M. Demazure and P. Gabriel, Groupes Algebriques I (Masson, Paris, 1970). 
[3] M. Demazure, A. Grothendieck, M. Artin, J.E. Bertin, P. Gabriel, M. Raynaud and J.P. Serre, 
Schemas en Groupes I, Lecture Notes in Mathematics, Vol. 151 (Springer, Berlin, 1970). 
[4] A.S. Dzhumadil’daev, Deformations of the Lie algebras W,,(m), Mat. Sbornik 180 (1989) 168-186 (in 
Russian); an English translation appears in Math. USSR Sbornik. 
[S] A. Fialowski and J. G’Halloran, A comparison of deformations and orbit closure, Comm. Algebra 18 
(1990) 4121-4140. 
[6] M. Gerstenhaber, On the deformations of rings and algebras, Ann. Math. 79 (1964) 59-103. 
[7] M. Gerstenhaber, On the deformations of rings and algebras III, Ann. Math. 88 (1968) l-34. 
[S] M. Gerstenhaber and S.D. Schack, Relative Hochschild cohomology, rigid algebras and the Bock- 
stein, J. Pure Appl. Algebra 43 (1986) 53-74. 
[9] M. Gerstenhaber and SD. Schack, Algebraic cohomology and deformation theory, in: Deformation 
Theory of Algebras and Structures and Applications, NATO ASI Ser. C 247 (Kluwer Academic 
Publishers, Dordrecht, 1988). 
[lo] D.K. Harrison, Commutative algebras and cohomology, Trans. Amer. Math. Sot. 104 (1962) 
191-204. 
[ll] R. Hartshorne, Algebraic Geometry (Springer, New York, 1977). 
[12] D. Mumford, The red book of varieties and schemes, Lecture Notes in Mathematics, Vol. 1358 
(Springer, New York, 1988). 
[13] A. Nijenhuis and R.W. Richardson, Deformations of Lie algebra structures, J. Math. Mech. 17 (1967) 
89-105. 
[14] A. Nijenhuis and R.W. Richardson, Commutative algebra cohomology and deformations of Lie and 
associative algebras, J. Algebra 9 (1968) 42-53. 
[15] G. Rauch, Effacement et deformation, Ann. Inst. Fourier Grenoble 22 (1) (1972) 239-269. 
[16] D.S. Rim, Deformations of transitive Lie algebras, Ann. Math. 83 (1966) 339-357. 
[17] A.N. Rudakov, Deformations of simple Lie algebras, Izv. Akad. Nauk SSSR Ser. Mat. 35 (1971) 
1113-l 119 (in Russian); an English translation appears in Math. USSR Izv. 
[18] W.C. Waterhouse, Automorphism schemes and forms of Witt Lie algebras, J. Algebra 17 (1971) 
34-40. 
